Abstract. We prove that the only rational homogeneous varieties with Picard number 1 of the exceptional algebraic groups admitting irreducible equivariant Ulrich vector bundles are the Cayley plane E 6 /P 1 and the E 7 -adjoint variety E 7 /P 1 . Moreover, we compute that E ω 5 +3ω 6 is the only irreducible equivariant Ulrich bundle on the Cayley plane E 6 /P 1 , and E ω 5 +3ω 6 +8ω 7 is the unique irreducible equivariant Ulrich bundle on the adjoint variety E 7 /P 1 . From this result, we see that a general hyperplane section F 4 /P 4 of the Cayley plane also has an equivariant but non-irreducible Ulrich bundle.
Introduction
Vector bundles on algebraic varieties are fundamental objects to study in order to understand geometry and topology of the varieties. Topological type of a vector bundle on an algebraic curve is determined by rank and degree of the vector bundle and there are lots of studies about vector bundles of given rank and degree on curves. For higher dimensional algebraic varieties, we need more data to determine topological types of vector bundles on them and it makes hard to decide which vector bundles are most interesting objects to study on higher dimensional algebraic varieties.
Ulrich bundles are vector bundles which enjoy many special features, and existence and properties of Ulrich bundles on a given algebraic variety tell us many properties of the variety. Therefore Ulrich bundles form natural candidates of vector bundles on higher dimensional algebraic varieties to investigate. Eisenbud and Schreyer asked whether every projective variety admits an Ulrich sheaf in [17] and their question has been answered positively for several algebraic varieties, e.g., complete intersection varieties [20] , del Pezzo surfaces [17] , K3 surfaces [1] , abelian surfaces [3] , and non-special surfaces with p g = q = 0 [9] . Recently moduli spaces of Ulrich bundles were studied for some algebraic varieties, and it seems that they enjoy many interesting properties and reflect many geometric features of the given varieties (cf. [24, 25, 12, 27] ).
Equivariant Ulrich bundles on some rational homogeneous varieties were studied by many authors. To be more precise, Costa and Miró-Roig [14] , and Coskun et al. [13] classified irreducible equivariant Ulrich bundles on Grassmannians, and partial flag varieties of algebraic groups of type A, respectively. Then Fonarev [18] classified irreducible equivariant Ulrich bundles on isotropic Grassmannians of algebraic groups associated to other classical groups of type B, C, D. Being motivated by the above works, we classify irreducible equivariant Ulrich bundles on rational homogeneous varieties with Picard number 1 of the exceptional algebraic groups in this paper.
Let us recall some basic definitions and properties of algebraic groups to state the result more precisely. Let G be a simple algebraic group over C. We fix a maximal torus T ⊂ G. Let ∆ = {α 1 , · · · , α n } be the system of simple roots of G and P = P k denote the maximal parabolic subgroup associated to a simple root α k following the standard numbering (e.g., [23] ). We know that the category of G-equivariant vector bundles on G/P is equivalent to the category of finite-dimensional representations of P . Since P has a Levi decomposition P = LU , where U is the unipotent radical of P and L is a Levi factor, and U acts trivially, irreducible representations of P are completely determined by representations of the reductive group L.
The weight lattice of L is canonically isomorphic to the weight lattice of G. Let Λ + L denote the cone of integral L-dominant weights, which is generated by the fundamental weights ω 1 , · · · , ω n and −ω k . Given ω ∈ Λ + L , we have an irreducible representation V (ω) of P with the highest weight ω. We denote by E ω the corresponding irreducible equivariant vector bundle G × P V (ω) on G/P .
In this paper, we classify irreducible equivariant Ulrich bundles on rational homogeneous varieties with Picard number 1 of the exceptional algebraic groups. In particular, we prove that three more homogeneous varieties admit equivariant Ulrich bundles on them. Theorem 1.1. The only rational homogeneous varieties with Picard number 1 of the exceptional algebraic groups admitting an irreducible equivariant Ulrich bundle are the Cayley plane E 6 /P 1 ∼ = E 6 /P 6 and the adjoint variety E 7 /P 1 . Furthermore, the only irreducible equivariant Ulrich bundle on the Cayley plane E 6 /P 1 is E ω5+3ω6 , and the unique irreducible equivariant Ulrich bundle on the adjoint variety E 7 /P 1 is E ω5+3ω6+8ω7 .
It is well-known that the homogeneous variety F 4 /P 4 is isomorphic to a general hyperplane section of the Cayley plane E 6 /P 1 . Hence we obtain the following corollary. Corollary 1.2. Let E ω5+3ω6 be the irreducible equivariant Ulrich bundle on the Cayley plane E 6 /P 1 in the above theorem. Then the restriction E ω5+3ω6 | F4/P4 is an equivariant but non-irreducible Ulrich bundle on the rational homogeneous variety F 4 /P 4 .
It turns out that most of exceptional homogeneous varieties do not admit an irreducible equivariant Ulrich bundle according to the negative result obtained in this paper. However, from the above corollary, we see that there can be equivariant but non-irreducible Ulrich bundles on the other homogeneous varieties of exceptional groups. For example, G 2 /P 1 is isomorphic to the 5-dimensional quadric so it also has an equivariant but nonirreducible Ulrich bundle. As also pointed out in Remark 6.7 of [18] , it will be an interesting task to find non-irreducible equivariant Ulrich bundles on homogeneous varieties.
Preliminaries: Ulrich bundles and Borel-Weil-Bott theorem
There are several equivalent definitions of Ulrich bundles using linear resolutions or cohomologies. We are going to use the cohomological characterization.
Definition 2.1. Let X ⊂ P N be a smooth projective variety of dimension d over C. A vector bundle E on X is called Ulrich if the cohomology H i (X, E(−k)) = 0 for all 0 ≤ i ≤ d and 1 ≤ k ≤ d. Here, we denote the twisted bundle E ⊗ O X (−k) by E(−k).
More geometrically, an Ulrich bundle can be characterized as a trivial one in the sense: the push-forward π * E is a trivial bundle for a general linear projection π : X → P d (see [17] and Theorem 2.3 of [4] for the proof).
Definition 2.2.
A vector bundle E on a rational homogeneous varietiy G/P is equivariant if the action of G on the base space G/P lifts to a compatible action of G on E via bundle automorphisms.
For an integral weight ω dominant with respect to P , we have an irreducible representation V (ω) of P with the highest weight ω, and denote by E ω the corresponding irreducible equivariant vector bundle G × P V (ω) on G/P :
)/P, where the equivalence relation is given by (g, v) ∼ (gp, p −1 .v) for p ∈ P . To compute the cohomology of equivariant vector bundles on rational homogeneous varieties G/P , we use the famous Borel-Weil-Bott theorem from [5] . For an introduction to this theorem, we refer [6, 31, 32] and Chapter 5 of [2] . Theorem 2.3 (Borel-Weil-Bott theorem). Let G be a simply connected complex semisimple algebraic group and P ⊂ G a parabolic subgroup. Suppose that ω is an integral weight for G dominant with respect to P . Let ρ denote the sum of fundamental weights of G.
• If a weight ω + ρ is singular, that is, it is orthogonal to some (positive) root of G, equivalently, it lies on a wall of a Weyl chamber, then all cohomologies H i (G/P, E ω ) vanish.
• Otherwise, ω + ρ is regular, that is, it lies in the interior of some Weyl chamber, then
* and any other cohomology vanishes. Here, w ∈ W is a unique element of the Weyl group of G such that w(ω + ρ) is strictly dominant, and ℓ(w) means the length of w ∈ W , that is, a minimal integer ℓ(w) such that w can be expressed as a product of ℓ(w) simple reflections.
From now on, we will consider only a rational homogeneous variety G/P with Picard number 1 for the maximal parabolic subgroup P associated to a simple root α k ∈ ∆ of G. We always realize G/P as a complex projective variety by giving a direct equivariant embedding into the projective space of a finite-dimensional G-module. Since the weight ω k defines a charactor of L ⊂ P k , the associated equivariant bundle E ω k on G/P k is just a line bundle. In fact, the line bundle E ω k on G/P k is the generator of its Picard group and gives the minimal equivariant embedding
, where v is a highest weight vector in the irreducible G-representation V G (ω k ) with highest weight ω k (e.g., see Chapter 6 of [2] ).
Since conjugacy classes of parabolic subgroups of a simple algebraic group are in one-to-one correspondence with subsets of the set of simple roots (equivalently, nodes of the corresponding Dynkin diagram D(G)), the Dynkin diagrams (D(G), α k ) with a marked node correspond to rational homogeneous varieties with Picard number 1. Because the set {ω i } of fundamental weights is a basis for the dual Cartan subalgebra t * , any weight can be expressed a linear combination of fundamental weights. Then we represent an integral weight and the corresponding equivariant vector bundle by inscribing the coefficients in this expression over the nodes of the Dynkin diagram for G.
Example 2.4.
(1) The Grassmannaian Gr(2, 4) is isomorphic to SL(4, C)/P 2 as homogeneous spaces, so that we denote it by the marked Dynkin diagram (A 3 , α 2 ) with a crossed node corresponding to the simple root α 2 . Consider the irreducible equivariant vector bundle E ω1 associated to the first fundamental weight ω 1 , which is the dual S * of the (rank 2) universal subbundle on Gr (2, 4) . Since E ω2 = O(1), the weight defining
To compute the action of the Weyl group W on the weight lattice, we need an explicit formula for the action of a simple reflection σ i on a weight λ represented in the Dynkin diagram notation. From
is the Cartan-Killing form on t * and α ∨ is the coroot of α, the node coefficients for σ i (λ) are given by (σ i (λ), α
Cartan integers c ij which specify the semisimple Lie algebra g, this equation yields the following: Let c be the coefficient of the node corresponding to α i . In order to compute σ i (λ), add c to the adjacent coefficients with multiplicity, if there is a multiple edge directed towards the adjacent node, and then replace c by −c.
After adding ρ, we apply simple reflections on the weight ω 1 − kω 2 + ρ obtaining singular weights for k = 1, 2, 3, 4. By the Borel-Weil-Bott theorem, we know H i (Gr(2, 4), E ω1 (−k)) = 0 for all 0 ≤ i ≤ 4 and 1 ≤ k ≤ 4. Hence, the irreducible equivariant vector bundle E ω1 on Gr(2, 4) is Ulrich. Similarily, we know that the (rank 2) universal quotient bundle E ω3 on Gr(2, 4) is also Ulrich.
(2) For a special orthogonal group B 3 = SO(7, C), a homogeneous space B 3 /P 1 is a variety of isotropic 1-dimensional subspaces with respect to a nondegenerate symmetric bilinear form on C 7 . Hence, this variety is a quadric hypersurface Q 5 in P 6 . Since a Levi factor L of the parabolic subgroup P is isomorphic to C * × SO(5, C) and V P (ω 3 ) is the 4-dimensional spin representaion of SO(5, C), the irreducible equivariant vector bundle E ω3 associated to the third fundamental weight ω 3 is isomorphic to the (rank 4) spinor bundle on Q 5 . Since E ω1 = O(1), the weight defining E ω3 (−k) is −kω 1 + ω 3 . After adding ρ, we apply simple reflections on the weight
By the Borel-Weil-Bott theorem, we know H i (B 3 /P 1 , E ω3 (−k)) = 0 for all 0 ≤ i ≤ 5 and 1 ≤ k ≤ 5. Hence, the spinor bundle E ω3 on B 3 /P 1 ∼ = Q 5 is Ulrich. In fact, up to isomorphism the spinor bundle is the only irreducible B n -equivariant Ulrich bundle on an odd-dimensional quadric Q 2n−1 (Corollary 4.3 of [18] ). Definition 2.5. Let L be a Levi factor of a maximal parabolic subgroup
where ρ is the sum of fundamental weights of G.
From the Borel-Weil-Bott theorem, we can obtain a simple criterion for an irreducible equivariant vector bundle on a rational homogeneous variety G/P to be Ulrich. Lemma 2.6 (Fonarev's criterion, Lemma 2.4 of [18] ). For ω ∈ Λ + L , an irreducible equivariant vector bundle E ω on a rational homogeneous variety G/P with Picard number 1 is Ulrich if and only if
The above Lemma is our key tool to study existence/nonexistence of irreducible equivariant Ulrich bundles on rational homogeneous varieties. We compute the above values using the computer program Sage [30] and analyze Sing(ω) case by case as follows.
G 2 -homogeneous varieties
We will follow notations of [19] for the basics on the representation theory of a Lie algebra. To begin with, we collect basic facts about the simple Lie group G 2 . Let us choose an orthonormal basis {L 1 , L 2 } for the dual Cartan subalgebra t * . Then the simple roots can be taken as follows:
And G 2 has 6 positive roots:
2 L 2 } (e.g., see page 332 in [19] ). From the relation (ω i , α ∨ j ) = δ ij , the fundamental weights corresponding to the system of simple roots are
Thus, we know that
3.1. Homogeneous variety G 2 /P 1 . It is well-known that the rational homogeneous variety G 2 /P 1 is isomorphic to a 5-dimensional quadric Q 5 in P 6 (e.g., see page 391 in [19] ). The simply-connected complex Lie group G 2 is the automorphism group of the Cayley algebra O of octonions with complex coefficients. In particular, the fundamental representation V G2 (ω 1 ) of G 2 has dimension 7 and is identified with the subspace Im O of imaginary octonions. Since G 2 acts as algebra automorphisms, the action of G 2 on Im O preserves the multiplicative norm q. From this fact, we have an inclusion G 2 ⊂ SO(7, C). In fact, G 2 can be characterized as a stabilizer in GL(7, C) of a nondegenerate quadratic form q and a generic skew-symmetric 3-form Ω ∈ ∧ 3 (Im O) * . For a reductive part L of the parabolic subgroup P 1 ⊂ G 2 , an L-dominant integral weight ω is expressed as a linear combination
There are no irreducible equivariant Ulrich bundles on G 2 /P 1 .
Proof. For ω ∈ Λ + L , the weight ω + ρ − tω 1 is singular if and only if it is orthogonal to one of the roots of G 2 . Considering 5 positive roots
2 L 2 , we obtain that
For example, if the weight ω + ρ − tω 1 is singular with respect to the positive root
2 t = 0 so that we must have t = a + b + 2. However, there are no a and b such that Sing(ω) = {1, 2, 3, 4, 5}. Therefore, there are no irreducible equivariant Ulrich bundles on the rational homogeneous variety G 2 /P 1 by Lemma 2.6.
Remark 3.2. In Example 2.4 (2), we show that the 5-dimensional hyperquadric B 3 /P 1 ∼ = Q 5 ⊂ P 6 admits an Ulrich bundle. Furthermore, we know that the spinor bundle of rank 4 is the only irreducible B 3 -equivariant Ulrich bundle on Q 5 . From the inclusion G 2 ⊂ SO(7, C), we can regard this Ulrich bundle as a non-irreducible
3.2. Homogeneous variety G 2 /P 2 . The rational homogeneous variety G 2 /P 2 ⊂ P(V G2 (ω 2 )) = P 13 has dimension 5 and Fano index 3. For a reductive part L of P 2 , an L-dominant integral weight ω is expressed as a linear combination
Proposition 3.3. There are no irreducible equivariant Ulrich bundles on G 2 /P 2 .
Proof. By the same computations as the proof of Proposition 3.1, we can get the set Sing(ω) of singular values. Considering 5 positive roots However, there are no a and b such that Sing(ω) = {1, 2, 3, 4, 5}. Therefore, there are no irreducible equivariant Ulrich bundles on the rational homogeneous variety G 2 /P 2 by Lemma 2.6.
E 6 -homogeneous varieties
Let us recall some facts about the simple Lie group E 6 . When we choose an orthonormal basis {L 1 , · · · , L 6 } for the dual Cartan subalgebra t * , the simple roots can be taken as follows:
And E 6 has 36 positive roots:
, see page 333 in [19] ). The fundamental weights corresponding to the system of simple roots are
4.1.
Homogeneous variety E 6 /P 1 ∼ = E 6 /P 6 . The (complex) Cayley plane E 6 /P 1 is the closed orbit in the projectivization of the minimal representation of the simply-connected complex Lie group E 6 . This is a smooth projective variety of dimension 16 and Fano index 12 (see Section 9 of [31] for dimensions and Fano indexes of rational homogeneous varieties). The Cayley plane is one of the two exceptional Hermitian symmetric spaces of compact type, and appears as the last Severi variety. This can also be identified with the variety OP 2 ⊂ P(J 3 (O)) of rank 1 matrices in the exceptional simple complex Jordan algebra J 3 (O) consisting of octonionic-Hermitian matrices of order 3. Because the highest weight
27 , the dual Cayley plane E 6 /P 6 ⊂ P 26 is projectively equivalent to E 6 /P 1 ⊂ P 26 . For a reductive part L of P 1 ⊂ E 6 , an L-dominant weight ω is expressed as a linear combination
2 f + 4 cannot be integers simultaneously. Therefore, there are no a, b, c, d, e, f such that Sing(ω) = {1, · · · , 29}.
F 4 -homogeneous varieties
Let us recall some facts about the simple Lie group F 4 . When we choose an orthonormal basis {L 1 , L 2 , L 3 , L 4 } for the dual Cartan subalgebra t * , the simple roots can be taken as follows:
And F 4 has 24 positive roots:
The fundamental weights corresponding to the system of simple roots are
Thus, we know that ρ =
5.1. Homogeneous variety F 4 /P 4 . For the maximal parabolic subgroup P 4 associated to the simple root α 4 of F 4 , the rational homogeneous variety F 4 /P 4 is a general hyperplane section of the Cayley plane E 6 /P 1 ⊂ P
26
(see Section 6.3 of [26] ). It follows from that the 27-dimensional fundamenatal E 6 -module V E6 (ω 1 ) may be regarded as F 4 -module using an embedding of F 4 in E 6 and it decomposes as V F4 (ω 4 ) ⊕ V F4 (0) (Proposition 13.32 of [8] ). Note that V F4 (ω 4 ) can be identified with the taceless subspace of the Jordan algebra J 3 (O) explained in Subsection 4.1. So F 4 /P 4 ⊂ P 25 is a smooth projective variety of dimension 15 and Fano index 11. For a reductive part L of P 4 , an L-dominant weight ω is expressed as a linear combination
with a, b, c ≥ 0.
Proposition 5.1. There are no irreducible equivariant Ulrich bundles on F 4 /P 4 .
Proof. For ω ∈ Λ + L , the weight ω+ρ−tω 4 = (a+2b+
2 )L 4 is singular if and only if it is orthogonal to one of the roots of F 4 . To compute the set Sing(ω), it suffices to consider 15 positive roots
For example, if the weight ω + ρ − tω 4 is singular with respect to the positive root
2 ) = 0 so that we must have t = 2a+4b+3c+d+10. By the similar and straight computations, we conclude that
Suppose that an irreducible equivariant vector bundle E ω on F 4 /P 4 is Ulrich. Then Sing(ω) = {1, 2, · · · , 15} by Lemma 2.6. From the inequality a, b, c ≥ 0, we deduce that Although the rational homogeneous variety F 4 /P 4 does not admit an irreducible equivariant Ulrich bundle, we can constuct a (non-irreducible) equivariant Ulrich bundle on F 4 /P 4 because F 4 /P 4 is a general hyperplane section of the Cayley plane E 6 /P 1 . This follows from the fact in [17] and [4] : if E is an Ulrich bundle on X and Y is a hyperplane section of X, then the restriction E| Y to Y is also an Ulrich bundle on Y .
Corollary 5.2. Let E be the irreducible equivariant Ulrich bundle on the Cayley plane E 6 /P 1 in Proposition 4.1. Then the restriction E| F4/P4 is an (equivariant) Ulrich bundle on the rational homogeneous variety F 4 /P 4 .
5.2.
Homogeneous variety F 4 /P 3 . For the maximal parabolic subgroup P 3 associated to the simple root α 3 of F 4 , the rational homogeneous variety F 4 /P 3 ⊂ P 272 is the closed F 4 -orbit in the space of lines on the rational homogeneous variety F 4 /P 4 ⊂ P 25 (cf. Section 6.4 of [26] ), and has dimension 20 and Fano index 7.
(
Proposition 5.3. There are no irreducible equivariant Ulrich bundles on F 4 /P 3 . 
For example, if the weight ω + ρ − tω 3 is singular with respect to the positive root
. By the similar and straight computations, we conclude that Proof. Let E ω be an irreducible equivariant bundle on F 4 /P 2 . From a similar computation as above, we can compute the set Sing(ω) as follows. Proof. Let E ω be an irreducible equivariant bundle on F 4 /P 1 . From a similar computation as above, we can compute the set Sing(ω) as follows. 
E 7 -homogeneous varieties
Let us recall some basic facts about the simple Lie group E 7 . When we choose an orthonormal basis {L 1 , · · · , L 7 } for the dual Cartan subalgebra t * , the simple roots can be taken as follows:
And E 7 has 63 positive roots:
n(i) is odd.} (e.g., see page 333 in [19] ). The fundamental weights corresponding to the system of simple roots are
6.1. Homogeneous variety E 7 /P 1 . Since the fundamental E 7 -module V E7 (ω 1 ) is the adjoint representation e 7 , the rational homogeneous variety E 7 /P 1 is the E 7 -adjoint variety, that is, the closed orbit of a highest root vector in the adjoint representation e 7 . The E 7 -adjoint variety E 7 /P 1 ⊂ P 132 has dimension 33 and Fano index 17.
Proposition 6.1. There is a unique irreducible equivariant Ulrich bundle E ω5+3ω6+8ω7 on E 7 /P 1 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 1 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {a+b+ 2 , a+2b+3c+4d+3e+2f +g+16, a+2b+2c+4d+3e+2f +g+15, a+ 2b+2c+3d+3e+2f +g+14, a+2b+2c+3d+2e+2f +g+13, a+2b+2c+3d+2e+f +g+12, a+b+2c+3d+3e+2f + g+13, a+b+2c+3d+2e+2f +g+12, a+b+2c+3d+2e+f +g+11, a+b+2c+2d+2e+2f +g+11, a+b+2c+2d+2e+ f +g+10, a+b+2c+2d+e+f +g+9, a+b+c+2d+2e+2f +g+10, a+b+c+2d+2e+f +g+9, a+b+c+2d+e+f +g+ 8, a+b+c+d+e+f +g+7, a+c+d+e+f +g+6, a+2b+2c+3d+2e+f +11, a+b+2c+3d+2e+f +10, a+b+2c+2d+ 2e+f +9, a+b+2c+2d+e+f +8, a+b+2c+2d+e+7, a+b+c+2d+2e+f +8, a+b+c+2d+e+f +7, a+b+c+2d+e+ 6, a+b+c+d+e+f +6, a+b+c+d+e+5, a+b+c+d+4, a+1, a+c+2, a+c+d+3, a+c+d+e+4, a+c+d+e+f +5}
Suppose that there are a, b, c, d, e, f, g such that Sing(ω) = {1, · · · , 33}. Then we have a = c = d = 0 from a + 1 = 1, a + c + 2 = 2, a + c + d + 3 = 3. Because a + b + 2c + 2d + e + f + g + 9 and a + b + c + 2d + 2e + f + g + 9 are different, we see that e = 0 so that b = 0, e = 1 from a + b + c + d + 4 = 4, a + c + d + e + 4 = 5. This implies that a + c + d + e + f + 5 = 9 and a + 2b + 3c + 4d + 3e + 2f + g + 16 = 33. Consequently, we have f = 3, g = 8 and we can check that Sing(ω 5 + 3ω 6 + 8ω 7 ) = {1, · · · , 33}. Therefore, there is a unique irreducible equivariant Ulrich bundle E ω5+3ω6+8ω7 on the rational homogeneous variety E 7 /P 1 .
Remark 6.2. Because the dimension of the irreducible Spin(12)-module with highest weight 8̟ 1 + 3̟ 2 + ̟ 3 is 2 7 × 3 4 × 5 × 13 × 17 2 × 19 by the Weyl's character formula, the unique irreducible equivariant Ulrich bundle E ω5+3ω6+8ω7 on the E 7 -adjoint variety E 7 /P 1 has rank 3700494720.
From Proposition 4.1, we already know the Cayley plane E 6 /P 1 admits an irreducible equivariant Ulrich bundle. On the other hand, the existence of Ulrich bundles on the Cayley plane is a direct consequence of
Proposition 6.3. Let G/P be a rational homogeneous variety and S ⊂ G/P a smooth Schubert variety of G/P . If G/P admits an Ulrich bundle, then S also admits an Ulrich bundle.
Proof. This result follows from the facts that a Schubert variety S is an irreducible linear section of G/P and the restriction of an Ulrich bundle to a linear section is also an Ulrich bundle from [17] and [4] .
Corollary 6.4. Let E be the irreducible equivariant Ulrich bundle on the adjoint variety E 7 /P 1 in Proposition 6.1. Then the restriction E |E6/P1 is an (equivariant) Ulrich bundle on the Cayley plane E 6 /P 1 .
Proof. Let us recall the characterization result on smooth Schubert varieties in rational homogeneous varieties G/P of Picard number 1. A marked subdiagram of the marked Dynkin diagram of G/P defines a homogeneous subvariety G 0 /P 0 of G/P , the G 0 -orbit of the base point eP ∈ G/P , then it is a smooth Schubert variety (see Section 2 of [22] ). Conversely, we know that when a rational homogeneous variety G/P is associated to a long simple root, all smooth Schubert varieties are homogeneous subvarieties associated to subdiagrams of the marked Dynkin diagram (Proposition 3.7 of [22] ). Hence, the Cayley plane E 6 /P 1 is isomorphic to a (maximal) smooth Schubert variety of the E 7 -adjoint variety E 7 /P 1 . By Proposition 6.1 and Proposition 6.3, we deduce the existence of an Ulrich bundle on E 6 /P 1 .
From Proposition 6.3, we can obtain the existence of Ulrich bundles on odd symplectic Grassmannians of planes Gr ω (2, 2n + 1). Let V be a complex vector space endowed with a skew-symmetric bilinear form ω of maximal rank. We denote the variety of all k-dimensional isotropic subspaces in V by Gr ω (k, V ) = {W ⊂ V : dim W = k, ω| W ≡ 0}. When dim V is even, say, 2n, the form ω is a nondegenerate symplectic form and this variety Gr ω (k, 2n) is the usual symplectic Grassmannian, which is homogeneous under the action of the symplectic group Sp(2n). But when dim V is odd, say, 2n + 1, the skew-form ω has a one-dimensional kernel. The variety Gr ω (k, 2n + 1), called the odd symplectic Grassmannian, is not homogeneous and has two orbits under the action of its automorphism group if 2 ≤ k ≤ n (cf. [28] and [29] ).
Corollary 6.5. The odd symplectic Grassmannians of planes Gr ω (2, 2n + 1) admit Ulrich bundles.
Proof. From the classification of smooth Schubert varieties in the symplectic Grassmannians (see [21] ), an odd symplectic Grassmannian may be regarded as a smooth Schubert varieties in some symplectic Grassmannians. In fact, all nonhomogeneous smooth Schubert varieties in the symplectic Grassmannians are odd symplectic Grassmannians. Because the symplectic Grassmannians of planes admit irreducible equivariant Ulrich bundles by Proposition 3.5 of [18] , this corollary is a direct consequence of Proposition 6.3.
6.2.
Homogeneous variety E 7 /P 2 . The rational homogeneous variety E 7 /P 2 has dimension 42 and Fano index 14. Proposition 6.6. There are no irreducible equivariant Ulrich bundles on E 7 /P 2 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 2 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {b+d+e+f +g +5, b+c+d+e+f +g +6, b+c+2d+e+f +g +7, b+c+2d+2e+f +g +8, b+c+2d+ 2e+2f +g +9, b+d+e+f +4, b+c+d+e+f +5, b+c+2d+e+f +6, b+c+2d+2e+f +7, b+d+e+3, b+c+d+ e + 4, b + c+ 2d+ e + 5, b + d+ 2, b + c+ d+ 3, b +1, a+ b + 2 g +6, a+b+2c+3d+3e+2f +g +13, a+b+2c+3d+2e+2f +g +12, a+b+2c+3d+2e+f +g +11, a+ b + 2c + 2d + 2e + 2f + g + 11, a + b + 2c + 2d + 2e + f + g + 10, a + b + 2c + 2d + e + f + g + 9, a + b + c + 2d + 2e + 2f + g +10, a+b+c+2d+2e+f +g +9, a+b+c+2d+e+f +g +8, a+b+c+d+e+f +g +7, 
6.3.
Homogeneous variety E 7 /P 3 . The rational homogeneous variety E 7 /P 3 has dimension 47 and Fano index 11. Proposition 6.7. There are no irreducible equivariant Ulrich bundles on E 7 /P 3 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 3 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {b+c+d+e+f +g +6, b+c+2d+e+f +g +7, b+c+2d+2e+f +g +8, b+c+2d+2e+2f +g +9, b+ c+ d+ e + f + 5, b + c+ 2d+ e + f + 6, b + c+ 2d+ 2e + f + 7, b + c+ d+ e + 4, b + c+ 2d+ e + 5, b + c+ d+ 3, c+ d+ e + f + g + 5, c+ d+ e + f + 4, c+ d+ e + 3, c+ d+ 2, c+1, , a+ b + c+ 2d+ 2e + 2f + g + 10, a+ b + c+ 2d+ 2e+ f + g + 9, a+ b + c+ 2d+ e + f + g + 8, a+ b + c+ d+ e + f + g + 7, a+c+d+e+f +g +6, 
6.4.
Homogeneous variety E 7 /P 4 . The rational homogeneous variety E 7 /P 4 has dimension 53 and Fano index 8.
Proposition 6.8. There are no irreducible equivariant Ulrich bundles on E 7 /P 4 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 4 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {b+d+e+f +g +5, b+c+d+e+f +g +6, cannot be integers simultaneously. If e = 0, then 
6.5.
Homogeneous variety E 7 /P 5 . The rational homogeneous variety E 7 /P 5 has dimension 50 and Fano index 10.
Proposition 6.9. There are no irreducible equivariant Ulrich bundles on E 7 /P 5 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 5 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {b+d+e+f +g+5, b+c+d+e+f +g+6, b+c+2d+e+f +g+7, 
6.6.
Homogeneous variety E 7 /P 6 . The rational homogeneous variety E 7 /P 6 has dimension 42 and Fano index 13.
Proposition 6.10. There are no irreducible equivariant Ulrich bundles on E 7 /P 6 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 6 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {b+d+e+f +g +5, b+c+d+e+f +g +6, b+c+2d+e+f +g +7, b+c+2d+2e+f +g +8, , b+d+e+f +4, b+c+d+e+f +5, b+c+2d+e+f +6, b+c+2d+2e+f +7, c+d+e+f +g +5, d+ e+f +g +4, e+f +g +3, f +g +2, c+d+e+f +4, d+e+f +3, e+f +2, f +1, a+b+ 
6.7.
Homogeneous variety E 7 /P 7 . The rational homogeneous variety E 7 /P 7 has dimension 27 and Fano index 18. This is usually called the Freudenthal variety, which is another one of the two exceptional Hermitian symmetric spaces of compact type. Proposition 6.11. There are no irreducible equivariant Ulrich bundles on E 7 /P 7 .
Proof. Let E ω be an irreducible equivariant bundle on E 7 /P 7 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {b+d+e+f +g +5, b+c+d+e+f +g +6, b+c+2d+e+f +g +7, b+c+2d+2e+f +g +8, b+c+2d+ 2e+2f +g+9, c+d+e+f +g+5, d+e+f +g+4, e+f +g+3, f +g+2, g+1, 2a+2b+3c+4d+3e+2f +g+17, a+2b+ 3c+4d+3e+2f +g+16, a+2b+2c+4d+3e+2f +g+15, a+2b+2c+3d+3e+2f +g+14, a+2b+2c+3d+2e+2f + g+13, a+2b+2c+3d+2e+f +g+12, a+b+2c+3d+3e+2f +g+13, a+b+2c+3d+2e+2f +g+12, a+b+2c+3d+ 2e+f +g+11, a+b+2c+2d+2e+2f +g+11, a+b+2c+2d+2e+f +g+10, a+b+2c+2d+e+f +g+9, a+b+c+2d+ 2e+2f +g+10, a+b+c+2d+2e+f +g+9, a+b+c+2d+e+f +g+8, a+b+c+d+e+f +g+7, a+c+d+e+f +g+6}
Suppose
Because 2a + 2b + 3c + 4d + 3e + 2f + g + 17 is the biggest integer, a + 2b + 3c + 4d + 3e + 2f + g + 16 is the second biggest integer and a + 2b + 2c + 4d + 3e + 2f + g + 15 is the third biggest integer, we see that a = c = 0. However, if a = 0 then b + c + 2d + e + f + g + 7 and a + b + c + d + e + f + g + 7 cannot be different, so one can see that there are no a, b, c, d, e, f, g such that Sing(ω) = {1, · · · , 27}. Therefore, the Freudenthal variety E 7 /P 7 does not admit an irreducible equivariant Ulrich bundle.
E 8 -homogeneous varieties
Let us recall some basic facts about the simple Lie group E 8 . When we choose an orthonormal basis {L 1 , · · · , L 8 } for the dual Cartan subalgebra t * , the simple roots can be taken as follows:
And E 8 has 120 positive roots:
n(i) is even.} (e.g., see page 333 in [19] ). The fundamental weights corresponding to the system of simple roots are
Thus, we know that ρ = L 2 + 2L 3 + 3L 4 + 4L 5 + 5L 6 + 6L 7 + 23L 8 .
7.1.
Homogeneous variety E 8 /P 1 . The rational homogeneous variety E 8 /P 1 has dimension 78 and Fano index 23.
Proposition 7.1. There are no irreducible equivariant Ulrich bundles on E 8 /P 1 .
Proof. Let E ω be an irreducible equivariant bundle on E 8 /P 1 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = {a+ 2 , a+3b+3c+5d+4e+3f +2g+h+22, a+ 2b+3c+5d+4e+3f +2g+h+21, a+2b+3c+4d+4e+3f +2g+h+20, a+2b+3c+4d+3e+3f +2g+h+19, a+2b+ 3c+4d+3e+2f +2g +h+18, a+2b+3c+4d+3e+2f +g +h+17, a+2b+3c+4d+3e+2f+g +16, a+2b+2c+4d+ 4e+3f +2g+h+19, a+2b+2c+4d+3e+3f +2g+h+18, a+2b+2c+4d+3e+2f +2g+h+17, a+2b+2c+4d+3e+ 2f +g +h+16, a+2b+2c+4d+3e+2f +g+15, a+2b+2c+3d+3e+3f +2g +h+17, a+2b+2c+3d+3e+2f +2g+ h+16, a+2b+2c+3d+3e+2f +g+h+15, a+2b+2c+3d+3e+2f +g+14, a+2b+2c+3d+2e+2f +2g+h+15, a+ 2b+2c+3d+2e+2f +g+h+14, a+2b+2c+3d+2e+2f +g+13, a+2b+2c+3d+2e+f +g+h+13, a+2b+2c+3d+ 2e+f +g+12, a+2b+2c+3d+2e+f +11, a+b+c+d+4, a+b+c+d+e+5, a+b+c+d+e+f +6, a+b+c+d+e+f + g+7, a+b+c+d+e+f +g+h+8, a+b+c+2d+e+6, a+b+c+2d+e+f +7, a+b+c+2d+e+f +g+8, a+b+c+2d+ e+f +g +h+9, a+b+c+2d+2e+f +8, a+b+c+2d+2e+f +g +9, a+b+c+2d+2e+f +g +h+10, a+b+c+2d+ 2e+2f +g+10, a+b+c+2d+2e+2f +g+h+11, a+b+c+2d+2e+2f +2g+h+12, a+b+2c+2d+e+7, a+b+2c+ 2d+e+f +8, a+b+2c+2d+e+f +g+9, a+b+2c+2d+e+f +g+h+10, a+b+2c+2d+2e+f +9, a+b+2c+2d+2e+ f +g+10, a+b+2c+2d+2e+f +g+h+11, a+b+2c+2d+2e+2f +g+11, a+b+2c+2d+2e+2f +g+h+12, a+b+ 2c+2d+2e+2f +2g+h+13, a+b+2c+3d+2e+f +10, a+b+2c+3d+2e+f +g+11, a+b+2c+3d+2e+f +g+h+ 12, a+b+2c+3d+2e+2f +g+12, a+b+2c+3d+2e+2f +g+h+13, a+b+2c+3d+2e+2f +2g+h+14, a+b+2c+ 3d+3e+2f +g+13, a+b+2c+3d+3e+2f +g+h+14, a+b+2c+3d+3e+2f +2g+h+15, a+b+2c+3d+3e+3f + 2g+h+16, a+1, a+c+2, a+c+d+3, a+c+d+e+4, a+c+d+e+f +5, a+c+d+e+f +g+6, a+c+d+e+f +g+h+7}
Suppose that there are a, b, c, d, e, f, g, h such that Sing(ω) = {1, · · · , 78}. Then we see that a = c = d = 0. However, a + Proof. Let E ω be an irreducible equivariant bundle on E 8 /P 2 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = { , b+d+e+f +g+h+6, b+c+d+e+f +g+h+7, b+c+2d+e+f +g+h+ 8, b+c+2d+2e+f +g+h+9, b+c+2d+2e+2f +g+h+10, b+c+2d+2e+2f +2g+h+11, b+d+e+f +g+5, b+c+d+ e+f +g+6, b+c+2d+e+f +g+7, b+c+2d+2e+f +g+8, b+c+2d+2e+2f +g+9, b+d+e+f +4, b+c+d+e+f +5, b+ c+2d+e+f +6, b+c+2d+2e+f +7, b+d+e+3, b+c+d+e+4, b+c+2d+e+5, b+d+2, b+c+d+3, b+1, a+b+2c+ 2 , a+b+c+d+4, a+b+c+d+e+5, a+b+c+d+e+f +6, a+b+c+ d+e+f +g+7, a+b+c+d+e+f +g+h+8, a+b+c+2d+e+6, a+b+c+2d+e+f +7, a+b+c+2d+e+f +g+8, a+b+ c+2d+e+f +g+h+9, a+b+c+2d+2e+f +8, a+b+c+2d+2e+f +g+9, a+b+c+2d+2e+f +g+h+10, a+b+c+ 2d+2e+2f +g+10, a+b+c+2d+2e+2f +g+h+11, a+b+c+2d+2e+2f +2g+h+12, a+b+2c+2d+e+7, a+b+2c+ 2d+e+f +8, a+b+2c+2d+e+f +g+9, a+b+2c+2d+e+f +g+h+10, a+b+2c+2d+2e+f +9, a+b+2c+2d+2e+ f +g+10, a+b+2c+2d+2e+f +g+h+11, a+b+2c+2d+2e+2f +g+11, a+b+2c+2d+2e+2f +g+h+12, a+b+2c+ 2d+2e+2f +2g+h+13, a+b+2c+3d+2e+f +10, a+b+2c+3d+2e+f +g+11, a+b+2c+3d+2e+f +g+h+12, a+ b+2c+3d+2e+2f +g+12, a+b+2c+3d+2e+2f +g+h+13, a+b+2c+3d+2e+2f +2g+h+14, a+b+2c+3d+3e+ 2f +g+13, a+b+2c+3d+3e+2f +g+h+14, a+b+2c+3d+3e+2f +2g+h+15, a+b+2c+3d+3e+3f +2g+h+16} 
7.3.
Homogeneous variety E 8 /P 3 . The rational homogeneous variety E 8 /P 3 has dimension 98 and Fano index 13. Proposition 7.3. There are no irreducible equivariant Ulrich bundles on E 8 /P 3 .
Proof. Let E ω be an irreducible equivariant bundle on E 8 /P 3 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = { , b+c+d+e+f +g+h+7, b+c+2d+e+f +g+h+8, b+c+2d+ 2e+f +g+h+9, b+c+2d+2e+2f +g+h+10, b+c+2d+2e+2f +2g+h+11, b+c+d+e+f +g+6, b+c+2d+e+f + g+7, b+c+2d+2e+f +g+8, b+c+2d+2e+2f +g+9, b+c+d+e+f +5, b+c+2d+e+f +6, b+c+2d+2e+f +7, b+ c+d+e+4, b+c+2d+e+5, b+c+d+3, Proof. Let E ω be an irreducible equivariant bundle on E 8 /P 4 . From a similar computation as above, we can compute the set Sing(ω) as follows.
Sing(ω) = { , c+d+e+f +g+h+6, d+e+f +g+h+5, c+d+e+ f +g+5, d+e+f +g+4, c+d+e+f +4, d+e+f +3, c+d+e+3, d+e+2, c+d+2, d+1, 
